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Abstract. We present a new strategy for representing syntax in a mech-
anised logic. We define an underlying type of de Bruijn terms, define an
operation of named lambda-abstraction, and hence inductively define a
set of conventional name-carrying terms. The result is a mechanisation
of the practice of most authors studying formal calculi: to work with con-
ventional name-carrying notation and substitution, but to identify terms
up to alpha-conversion. This strategy falls between most previous works,
which either treat bound variable names literally or dispense with them
altogether. The theory has been implemented in the Cambridge HOL
system and used in an experimental application.

There is great interest in using theorem provers to prove properties of lambda-
calculi and programming languages [3, 7, 9, 14, 15, 18, 19, 21, 25, 26, 27, 28]
One basic issue is the representation in logic of syntax, and in particular, how
to represent bound variables. One strategy is to represent bound variables using
variable names, as in conventional syntax. Another is to use de Bruijn indices
[8]. An advantage of the first is that theorems are expressed in a conventional,
human-readable form. An advantage of the second is that substitution is easy to
define and the problems of variable name clashes never arise. But neither exactly
corresponds to the practice in most written studies1 of formal calculi where it
is convenient to identify syntax up to alpha-conversion for doing proofs, but at
the same time retain bound variable names for readability.

This paper presents a novel method for representing syntax, combining these
two strategies. The key idea is that conventional lambda-abstraction can be
defined on de Bruijn terms, and then one can prove that the conventional in-
ductive definition of name-carrying notation generates exactly the proper de
Bruijn terms (that is, terms with no unmatched indices). From this key theorem
we can obtain a conventional theory of syntax and substitution [13], in which
logical equality corresponds to alpha-conversion. The advantage of this mixed
strategy is that theorems can be expressed in a conventional form, without de

1 Church and Rosser [6] and Barendregt [4] are prominent examples.



Bruijn encoding, and although in application proofs renaming of bound vari-
ables is sometimes necessary, it is easy to support because logical equality is up
to alpha-conversion.

The particular motivation for this paper is to work towards an environment
for mechanised proofs about functional programs based on their operational
semantics. As a step towards such an environment, we have programmed all
the theory given here in the Cambridge HOL system [10], and have used it
to support elementary reasoning about Abramsky’s lazy lambda-calculus [2].
The point of the paper is not to discuss applications, but simply to explain
the syntactic strategy, which may be of use in other theorem provers. Section 1
reviews conventional and de Bruijn notation, and Section 2 gives a type of de
Bruijn terms in HOL. Section 3 is the crux of the paper: the inductive definition
of name-carrying terms. Section 4 outlines the main components of the derived
theory, and Section 5 outlines how it might be applied to represent an example
syntax. Section 6 concludes with a discussion of related and future work.

Cambridge HOL supports Gordon’s polymorphic formulation of Church’s
classical higher order logic. Theorems proved in the HOL system are indicated
here with a turnstyle |- and written in HOL’s fairly conventional notation [10].
We use Melham’s encoding of sets as logical predicates [16].

1 Review of Name-carrying Versus de Bruijn Notation

As usual, we consider each term of the conventional notation for lambda-calculus—
referred to as name-carrying by de Bruijn—to be either a constant, a, a variable,
x, an application t1 t2 or a lambda-abstraction λx. t0, where each ti is a term.

De Bruijn’s key idea was to erase the name x from a lambda-abstraction
λx. t, and replace each free occurrence of x in t by a numeric index, equal to
the level of the occurrence. The level of an occurrence of a subterm u within a
term t, is the number of λ’s in t that enclose u. So name-carrying λx. (λy. x)x
becomes de Bruijn λ. (λ. 1)0. An occurrence of an index i in a term is matched
iff i is less than the level of the occurrence. In λ. (01) each of the indices occurs
at level 1, so index 0 is matched but 1 is not.

A matched occurrence of an index represents a bound variable. How is a free
variable represented? For an entirely nameless notation, de Bruijn suggested that
the names of free variables could be replaced by unmatched indices interpreted
via a fixed enumeration of variable names. Instead, we adopt another convention
suggested by de Bruijn, in which “free variables have names but the bound vari-
ables are nameless” [8, p392]. We will refer to this simply as de Bruijn notation.
For instance, name-carrying x(λy. axy) becomes de Bruijn x(λ. ax0).

For each occurrence of an index i at level ℓ define its degree to be 0 if it
is matched, otherwise the positive number i − ℓ + 1. The degree of a de Bruijn
term is the maximum degree of all index occurrences in the term. So λ. (01)
has degree 1 and x(λ. ax0) degree 0. A de Bruijn term is proper iff its degree is
0, that is, when no unmatched indices occur in it. The strategy proposed here



rests essentially on the fact that the name-carrying terms can be modelled up
to alpha-conversion by the proper de Bruijn terms.

2 A HOL Type of de Bruijn Terms

This section shows how de Bruijn terms and their basic operations can be ex-
pressed in the HOL logic. The following grammar specifies a HOL type of de
Bruijn terms.

db = dCON * (constant)
| dVAR string (free variable)
| dBOUND num (bound variable)
| dABS db (abstraction)
| dAPP db db (application)

In HOL, Melham’s recursive type package [19] proves automatically the ex-
istence of a type which is the free algebra given by the grammar, and proves
theorems supporting primitive recursive definitions and proofs by structural in-
duction.

The type obtained, * db, is polymorphic. Constants are represented by values
in the polymorphic type *. This polymorphic type would be instantiated to a
type capable of representing all the symbols used in a particular syntax. Variable
names are represented by strings. All we need to know about the type of names
is that it is infinite—so that fresh names can always be generated—and this is
easy to prove about strings. If desired, one could parameterise db on a type of
variable names, as Melham does [18], but then theorems would need to bear the
assumption that the type of names was infinite.

We introduce new HOL constants, dDEG and dFV of types * db -> num and
* db -> string set, to express respectively the degree and set of free variables
of a de Bruijn term.

|- (dDEG (dCON c) = 0) /\

(dDEG (dVAR x) = 0) /\

(dDEG (dBOUND n) = SUC n) /\

(dDEG (dABS t) = PRE (dDEG t)) /\

(dDEG (dAPP t u) = MAX (dDEG t) (dDEG u))

|- (dFV (dCON c) = {}) /\

(dFV (dVAR x) = {x}) /\

(dFV (dBOUND n) = {}) /\

(dFV (dABS t) = dFV t) /\

(dFV (dAPP t u) = (dFV t) UNION (dFV u))

Its not hard to see that that the structural definition of dDEG is equivalent to
the one given in Section 2.



To support variable abstraction and substitution we adopt two of de Bruijn’s
operations in the form given by Paulson [23].2

|- (Abst i x (dCON c) = dCON c) /\

(Abst i x (dVAR y) = ((x = y) => dBOUND i | dVAR y)) /\

(Abst i x (dBOUND j) = dBOUND j) /\

(Abst i x (dABS t) = dABS (Abst (SUC i) x t)) /\

(Abst i x (dAPP t u) = dAPP (Abst i x t) (Abst i x u))

|- (Inst i (dCON c) u = dCON c) /\

(Inst i (dVAR x) u = dVAR x) /\

(Inst i (dBOUND j) u = ((i = j) => u | dBOUND j)) /\

(Inst i (dABS t) u = dABS (Inst (SUC i) t u)) /\

(Inst i (dAPP t1 t2) u = dAPP (Inst i t1 u) (Inst i t2 u))

The intention is that Abst i x t is the term obtained by replacing each free
occurrence of variable x in t with index i (or a greater index within abstractions).
Inst i t u is meant to be the term obtained by replacing each bound variable
i in t with u (which is assumed to be proper).

3 An Inductive Definition of Name-carrying Terms

This section explains our strategy for mechanising a name-carrying notation.
Although the underlying type is one of de Bruijn terms, we wish to recover
the conventional operation of free variable abstraction. We can define a new
operation dLAMBDA of type string -> * db -> * db from the operations dABS
and Abst.

|- dLAMBDA x t = dABS (Abst 0 x t)

Intuitively dLAMBDA binds free occurrences of variable x in t. With dLAMBDA we
have a name-carrying notation that denotes de Bruijn terms. For instance, we
can prove the following by rewriting in HOL, that name-carrying λx. (λy. x)x
equals de Bruijn λ. (λ. 1)0.

|- dLAMBDA ‘x‘ (dAPP (dLAMBDA ‘y‘ (dVAR ‘x‘)) (dVAR ‘x‘)) =

dABS(dAPP(dABS(dBOUND 1))(dBOUND 0))

Since the underlying type erases bound variable names, equality on the derived
name-carrying notation is up to alpha-conversion.

|- dLAMBDA ‘x‘ (dAPP(dLAMBDA ‘y‘ (dVAR ‘x‘))(dVAR ‘x‘)) =

dLAMBDA ‘y‘ (dAPP(dLAMBDA ‘x‘ (dVAR ‘y‘))(dVAR ‘y‘))

2 Abst and Inst correspond to Paulson’s abstract and subst. Inst is a slight sim-
plification of subst because we are only interested in instantiating proper terms for
bound variables.



We have operations now to express all conventional notation in de Bruijn
form, and so we are free to adopt the conventional inductive definition of name-
carrying terms.

META (dCON c) META (dVAR x)

META t

META (dLAMBDA x t)

META t META u

META (dAPP t u)

In HOL, Melham’s tool for inductive definitions [17] proves automatically that
META is the least predicate closed under the given rules. The name of the predicate
comes from its intended use as a single logical type able to encode the syntax of
a range of object languages. This method is sometimes known as a meta-theory
of syntax and was promoted by Martin-Löf and others [22], and implemented in
systems such as Elf [25] and Isabelle [24]. The point is to define substitution and
alpha-conversion once and for all in the meta-theory.

The key result of the implemented theory is that the terms satisfying this
conventional inductive definition are precisely the proper de Bruijn terms.

|- !t. META t = (dDEG t = 0)

The forwards direction is a rule induction on the derivation of the predicate
META. The backwards direction is a course-of-values induction on the length of
the term t (a measure discussed in the next section).

4 A HOL Type of Name-carrying Terms up to
Alpha-conversion

The next step is to define a subtype of * db, called * meta, whose elements are
precisely the proper de Bruijn terms, or equivalently, conventional name-carrying
lambda-terms up to alpha-conversion.

Types in HOL can be modelled as non-empty sets. A new type can be in-
troduced in bijection with a given non-empty subset of an existing type. This is
sound in the sense that it preserves the property of the logic having a standard
model [10]. In the present case, we define the new type * meta, whose elements
are precisely the set of proper de Bruijn terms in the existing type * db. It is
easy to prove that the set of proper de Bruijn terms is not empty. Tools in the
HOL system prove automatically some basic properties of the bijection between
* meta and the elements of type * db satisfying predicate META. We omit the
details. Operations on type * db that are closed under the predicate META can
be used to induce equivalent operations on type * meta.

The basic proposition of the paper is that applications needing a representa-
tion of name-carrying syntax can be built using this new type. In the remainder
of this section we outline the basic theory implemented for this type.



Basic Properties of meta-terms

We refer to values of the new type as meta-terms. There are four basic construc-
tors of meta-terms, corresponding to the four rules of the inductive definition of
META, that is, constants, variables, applications and lambda-abstractions.

mCON : * -> * meta

mVAR : string -> * meta

’ : * meta -> * meta -> * meta

mLAMBDA : string -> * meta -> * meta

The binary application constructor ’ is infix. These four constructors exhaust
the meta-terms.

|- !m.

(?c. m = mCON c) \/

(?x. m = mVAR x) \/

(?x n. m = mLAMBDA x n) \/

(?m1 m2. m = m1 ’ m2)

There are also theorems stating that each of the constructors yields distinct
terms, and that the three constructors mCON, mVAR and ’ are one-one. The
exhaustion theorem follows from the inductive characterisation of meta-terms,
META, whereas the others follow from the definition of de Bruijn terms as a free
algebra.

To obtain substitution on meta-terms, we first define substitution on de
Bruijn terms.

|- !t u x. t dSUB (u,x) = Inst 0 (Abst 0 x t) u

De Bruijn term t dSUB (u,x) is intended to be term t with each free occurrence
of x replaced by u. This operation on the representation type is used to induce a
substitution operation on meta-terms that we denote with infix /. The meta-term
(m / x) n is meant to be meta-term n with each free occurrence of x replaced
by meta-term m.

Given that FV of type * meta -> string set is the operation induced by the
free variable function dFV, we can prove alpha-conversion as a logical equation.

|- !m x y. ~y IN (FV m) ==>

(mLAMBDA x m = mLAMBDA y (((mVAR y) / x) m))

We can prove the expected distributive laws for substitution,

|- !a m x. (m / x)(mCON a) = mCON a

|- !m x. (m / x)(mVAR x) = m

|- !m x y. ~(x = y) ==> ((m / x)(mVAR y) = mVAR y)

|- !m n x. (n / x)(mLAMBDA x m) = mLAMBDA x m

|- !m n x y.

~(x = y) /\ ~y IN (FV n) ==>

((n / x)(mLAMBDA y m) = mLAMBDA y ((n / x) m))

|- !m n p x. (p / x)(m ’ n) = ((p / x) m) ’ ((p / x) n)

by first proving the equivalent properties about de Bruijn terms.



Structural Induction

The inductive definition of meta-terms gives rise to the following induction prin-
ciple:

|- !P: (*)meta -> bool.

(!x. P(mCON x)) /\

(!x. P(mVAR x)) /\

(!m. P m ==> (!x. P(mLAMBDA x m))) /\

(!m n. P m /\ P n ==> P(m ’ n))

==>

(!m. P m)

One difficulty found in applications with this induction principle is that the
hypothesis for proving P(mLAMBDA x m) is too weak; it allows P m to be as-
sumed, but if the bound variable has to be renamed, one needs to assume
P ((mVAR z / x) m) for some fresh variable z.

One solution to this problem rests on the fact that variable renaming does
not alter the length of a term, the number of syntactic constructors it contains.
This is a standard notion [13], that can be induced on meta-terms via a primitive
recursion on the type of de Bruijn terms.

|- (LGH (mCON c) = 1) /\

(LGH (mVAR x) = 1) /\

(LGH (mLAMBDA x m) = 1 + (LGH m)) /\

(LGH (m ’ n) = (LGH m) + (LGH n))

This measure is invariant under variable renaming [13, Lemma 1.14(d)].

|- !m x y. LGH (((mVAR x) / y) m) = LGH m

Now we can prove a new induction principle, which strengthens the induction
hypothesis for mLAMBDA-terms to hold for all meta-terms n of the same length as
m.

|- !P: (*)meta -> bool.

(!x. P(mCON x)) /\

(!x. P(mVAR x)) /\

(!m.

(!n. (LGH n = LGH m) ==> P n)

==>

(!x. P(mLAMBDA x m))) /\

(!m n. P m /\ P n ==> P(m ’ n))

==>

(!m. P m)

The proof of this principle is by course-of-values induction on the length of the
meta-term.



This second induction theorem solves the problem that bound variables may
need to be renamed, but does so using the LGH measure. One can avoid explicit
mention of the measure by using a third induction theorem, which follows easily
from the second.

|- !P.

(!x. P(mVAR x)) /\

(!x. P(mCON x)) /\

(?X. FINITE X /\

(!x m. ~x IN X /\ P m ==> P(mLAMBDA x m))) /\

(!m n. P m /\ P n ==> P(m ’ n))

==>

(!m. P m)

This is a convenient formulation of structural induction. To prove the case for
mLAMBDA-terms, one first must select a set X of variables, and then prove that
predicate P holds for (mLAMBDA x m) from the assumptions that P holds of m, and,
crucially, that bound variable x is distinct from everything in X. By specifying a
suitable X one gets to assume that x is a fresh variable. The clause for mLAMBDA-
terms captures the intuition that one can always assume that bound variables
are distinct from everything else of interest. Tactics have been programmed in
ML to automate application of this theorem and, for the case of mLAMBDA-terms,
to select sets X and prove them finite.

Derived Theorems

The theorems mentioned in the last two subsections about meta-terms are suf-
ficient to derive the following results, without recourse to theorems about the
underlying type of de Bruijn terms.

Using the third form of structural induction, we can derive all the properties
of substitution used by Hindley and Seldin in their text on lambda-calculus [13].
Here is their Lemma 1.14,

|- !x m. ((mVAR x) / x) m = m

|- !x n m. ~x IN (FV m) ==> ((n / x) m = m)

|- !x n m. x IN (FV m) ==>

(FV((n / x) m) = (FV n) UNION ((FV m) DELETE x))

|- !m x y. LGH(((mVAR x) / y )m) = LGH m

and their Lemma 1.15.

|- !x y n m. ~y IN (FV m) ==>

((n / y)(((mVAR y) / x) m) = (n / x) m)

|- !x y m. ~y IN (FV m) ==>

(((mVAR x) / y)(((mVAR y) / x) m) = m)

|- !x y p q m.

~y IN (FV p) /\ ~(x = y) ==>

((p / x)((q / y) m) = (((p / x) q) / y)((p / x) m))



|- !x y p q m.

~y IN (FV p) /\ ~x IN (FV q) /\ ~(x = y) ==>

((p / x)((q / y) m) = (q / y)((p / x) m))

|- !x p q m. (p / x)((q / x) m) = (((p / x) q) / x) m

The third part of their Lemma 1.14 shows that formalised substitution / never
accidentally captures free variables. If some y is free in n it remains free in
(n / x) m.

Given alpha-conversion, Hindley and Seldin’s lemmas and proof of the infinity
of string names, it is possible to derive theorems concerning mLAMBDA analogous
to the one-one theorems proved for the other constructors.

|- !x y m n.

(mLAMBDA x m = mLAMBDA y n) ==> (m = ((mVAR x) / y) n)

|- !m n x y.

(mLAMBDA x m = mLAMBDA y n) =

(?z.

~z IN (FV m) /\

~z IN (FV n) /\

(((mVAR z) / x) m = ((mVAR z) / y) n))

5 How the meta Type Can Be Applied

Here is an example grammar to illustrate how meta-terms could play the role of
a meta-theory of syntax in HOL.

e ::= x

| NUM n | (e1 PLUS e2)

| BOOL b | (IF e1 e2 e3)

| (LAMBDA x e) | (APP e1 e2)

| LET x = e1 IN e2

To encode the syntactic constants and literals we can use the following HOL
type

con = NumLit num

| BoolLit bool

| SynCon string

and then represent terms of the grammar as elements of type (con)meta, using
the logical constants defined as follows.

|- NUM n = mCON (NumLit n)

|- e1 PLUS e2 = (mCON(SynCon ‘PLUS‘) ’ e1) ’ e2

|- BOOL b = mCON (BoolLit b)

|- IF e1 e2 e3 = ((mCON(SynCon ‘IF‘) ’ e1) ’ e2) ’ e3

|- LAMBDA x e = mCON(SynCon ‘LAMBDA‘) ’ (mLAMBDA x e)

|- APP e1 e2 = (mCON(SynCon ‘APP‘) ’ e1) ’ e2

|- LET x e1 e2 = (mCON(SynCon ‘LET‘) ’ e1) ’ (mLAMBDA x e2)



One can then give the set of terms in the grammar as an inductively-defined
predicate on meta-terms. This is not the only way to embed this grammar; it
remains future work to investigate alternatives and how syntactic properties can
be derived for the new logical constants.

6 Related Work, Status and Future Plans

This paper has presented a strategy for representing syntax within a mecha-
nised logic: construct the type of name-carrying terms—identified up to alpha-
conversion—from an inductively defined subset of de Bruijn terms. This method
mixes two strategies used in previous work: to represent name-carrying syntax
directly [15, 19, 21, 26, 27, 28] and to adopt some variant of de Bruijn notation
[3, 14, 27]. Coquand [7] pursues a fourth strategy based on explicit substitu-
tions [1]. More experience with the different strategies is needed before they can
be meaningfully compared, but the mixed strategy advocated here is at least a
plausible method for directly mechanising the practice of many authors studying
formal calculi: to work with name-carrying notation and to identify terms up to
alpha-conversion.

Melham’s π-calculus work includes another logical formulation of conven-
tional name-carrying notation and substitution, with terms identified up to
alpha-conversion. In his approach, a natural alternative to the present one, the
underlying type is a free algebra of name-carrying syntax for the π-calculus. On
this underlying type he defines substitution and alpha-conversion [18], and then
gives a type of syntax up to alpha-conversion as the quotient of the underly-
ing type under alpha-conversion.3 Of course, this construction would work for
lambda-calculus as well.

Hence we have two independently constructed representations for the same
abstract type of syntax up to alpha-conversion. Each representation has its mer-
its. Name-carrying syntax up to literal equality would be needed to represent
language definitions, such as that of Standard ML [20], for instance, where syntax
is not identified up to alpha-conversion. On the other hand, de Bruijn notation is
a common implementation technique, and so a logical theory of de Bruijn nota-
tion is needed if such implementations are to be verified. An important question
left open by the present work is to find an axiomatisation of name-carrying syn-
tax up to alpha-conversion. Melham’s quotient construction may be of help here,
and in any case a useful extension of the present work would be to add a third
type, of name-carrying syntax up to literal equality, and investigate its relation
to the other two.

Section 5 showed how a grammar might be embedded in HOL using the
meta type. This is reminiscent of how logical frameworks like Isabelle [24] or Elf
[25] are used to embed object languages and logics in a fixed meta-logic. One
significant difference is that to the best of my knowledge in neither Isabelle nor
Elf can theorems about substitution such as the ones from Section 4 be proved
in the meta-logic.

3 Private communication with T. F. Melham, June 1993.



De Bruijn notation has been used to implement several theorem provers, such
as his own AUTOMATH and Paulson’s Isabelle. In Isabelle, for instance, syntax
is represented as an ML type using de Bruijn indices. The human interacting
with Isabelle sees and types a name-carrying notation, which is mapped to and
from the internal de Bruijn notation by ML functions. An important difference
from Isabelle is that in our approach the type of de Bruijn terms is represented
in the logic rather than the programming metalanguage.

The difficult part of embedding syntax is dealing with bound variables. The
approach of this paper is first-order in the sense that the variable-binding op-
eration of the embedded syntax (mLAMBDA) is distinct from variable-binding in
the logic. One might think of adopting a higher-order approach in which logi-
cal lambda-abstraction binds variables. A first attempt would be to construct a
type with the same four constructors as * meta but with typing (* meta -> *

meta) -> * meta for mLAMBDA. Such a type cannot be constructed using Mel-
ham’s recursive types package, and in fact Gunter [12] has shown by a cardinality
argument that this approach is impossible in HOL, if the constructors are injec-
tive (which we would want). Roughly speaking, the HOL function space is much
bigger than the space of syntactic lambda-abstractions. A better approach is to
give mLAMBDA the typing (string -> * meta) -> * meta. Despeyroux, Felty
and Hirschowitz are investigating this embedding using Coq [9].

There is another, in some respects simpler, approach to representing lan-
guages in logic, pioneered by Gordon [11], in which each phrase of syntax is
mapped metalinguistically to a logical constant that represents not the syntax
itself but its meaning. When embedding a language of imperative commands,
for instance, the meaning might be a relation between two states. The present
approach is quite different in that syntax itself is represented in the logic, which
is needed for instance to support operational language definitions. The two
approaches—meaning versus syntax—are sometimes distinguished respectively
with terms ‘semantic’ versus ‘syntactic’, or ‘shallow’ versus ‘deep’ [5].

The status of this work is that all the theory mentioned has been implemented
in the Cambridge HOL system. Using the theory, Abramsky’s lazy lambda-
calculus has been mechanised in HOL, and elementary facts proved. The meta

type can be used to encode other syntaxes using appropriate constants, just
as the single ML type of terms in Isabelle can encode a range of syntaxes.
The goal of future work is to build a single HOL theory able to encode any
name-carrying syntax, together with tools to support definition of new syntaxes,
recursive functions and proofs by induction, and hence to offer a general solution
to the notorious problems of bound variables and substitution.
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